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SUMMARY 
This project consists of a scattered light photoelastic analysis 
of stresses in the matrix of multilayered fiber composite models. Two 
tensile specimens are tested. The first contains two mutually normal 
layers of fibers which are approximately one half inch in diameter with 
a one inch spacing and permits solution for all components of the stress 
tensor in the region between the fiber layers. The second model is sim-
ilar to the first, but contains four layers of approximately one quarter 
inch fibers for direct solution of matrix interlaminar shear stress. In 
o both models fibers are oriented + 45 with respect to the tensile load. 
Least-squares methods are used to utilize excess information avail-
able from the photoelastic data and the stress equilibrium equations. 
Dimensional analysis and specially devised molding techniques are used to 
produce the models. 
The results indicate that matrix stress magnitudes are a function 
of proximity to the fibers and that they are significantly higher than 




The advantages of composite materials have been known and used 
for centuries . Modern fiber reinforced composites generally consist of 
a layer or layers of very high strength, high modulus fibers embedded in 
a light weight, low modulus matrix. The combination of high strength 
and low weight has prompted continuing development of these materials 
for structural applications. 
Of obvious critical importance for a material whose high strength 
is its greatest feature, is an understanding of the nature of its fail-
ure under load. Studies performed on single fibers and on multi-fiber 
composite specimens indicate that failure is a function of fiber and 
matrix strength characteristics, the bond strength between the fiber and 
the matrix, and the distribution of matrix shear stresses in the vicinity 
2 3 of the fiber * . In multilayer composites matrix stresses are found 
between the layers as well as between the fibers within each layer. An 
understanding of matrix stress distribution is considered to be important 
in understanding failure behavior of the material^. Of particular inter-
est have been the interlaminar shear stresses (in planes normal to the 
layers) . Theoretical models of composites have differed in the assump-
tions made regarding constituent composition and behavior and have 
yielded different results for the interlaminar shear stresses"--1- . 
2 
It is the objective of this research to examine experimentally 
the interlaminar matrix stresses in multilayer fiber composites. 
Stress, Strain and Composite Materials 
Fibrous composites are heterogeneous structures. The various 
elements of the structure (fibers and matrix) interact with each other 
at boundaries throughout the material. 
To obtain a theoretical description of the internal stress distri-
bution of a composite specimen, various mathematical models have been 
used. These models generally consist of a sandwich stack of plates 
The individual plates have different properties, associated with fiber 
layers or the interlaminar matrix. The fiber layers are assumed to be 
anisotropic, but homogeneous12. The anisotropy is stated with respect 
to direction for the mechanical properties (stiffness or compliance) of 
the layer. The layer is assumed to be homogeneous with respect to con-
stituents from point to point within the layer. Not all analyses include 
an isotropic matrix layer between the orthotropic layers. Such region 
of matrix containing no fibers does exist in layered fiber composites 
as the fibers are ideally surrounded by matrix material, 
Early classical laminated plate theory assumed that each ortho-
tropic layer or plate contained plane stresses only12'13. The defi-
ciencies of the stress distributions near the boundaries, prompted the 
use of analyses admitting stresses in planes normal to the layers. These 
stresses are often called interlaminar stresses. The various analyses 
have differed in their assumptions. They have alternately admitted only 
interlaminar shear stress , interlaminar normal stresses?, and have con-
3 
sidered the multilayered specimen as a three dimensional bounded solid 
with appropriate boundary conditions". Stress variations normal to the 
Q 
plane have also been considered . Various numerical approaches have 
8—10 been employed for formulating and solving these problems . While the 
results have differed, all have shown that interlaminar shear stresses 
are present and are relatively high near the free edges of the layers. 
Differences in the theoretical assumptions and results, their in-
evitably approximate nature, and the need to study stresses in specimens 
containing stress concentrations and other irregularities have spurred 
application of experimental methods of stress analysis to composite 
materials. In addition to the study of stress distributions throughout 
the field of the composite, experimental study has been given to stresses 
in the vicinity of individual fibers. 
These experimental analyses have generally taken one of two direc-
tions: 1) Analyses using models of fibrous composites, or 2) Analyses 
using fibrous composite material specimens. 
Use of fibrous composite models has permitted examination of the 
relative behavior of the fibers and the matrix. Most prominent has been 
the use of photoelastic models. These models have often been scaled up 
in size, but examination has also been performed using the small fibers 
with suitable magnifying instruments. Most experiments have been per-
formed using transmitted light photoelasticity. (A discussion of photo-
elasticity follows in a later section.) Such tests have necessarily 
used plane models or models which have been analyzed as plane models. 
Examination has been performed to study shear stress distribution along 
a single fiber , and to determine the effect of fiber geometry and fiber 
4 
1 "5—18 fracture on stress concentrations in the matrix . The effect of load 
direction has also been examined . Marloff and Daniel have studied 
shrinkage and load stresses in a three dimensional model using photo-
20 elastic freezing and slicing techniques . Scattered light photoelastic 
techniques have been applied to composite models containing from one to 
three fibers1"*2 . A recent study by Rollins includes a two layered 
model containing an internal reflective surface to permit isolation of 
22 the transmitted light photoelastic effect in the two layers . In 
addition to photoelastic experiments, models have also been used to 
oo 
observe dynamic fracture of composites , fiber to matrix deformation 
relationships2 , and composite failure2-*. 
Experimental methods used with composite specimens generally in-
clude measurement of surface effects; for the most part what has been 
considered to be strain. Measurements have been made using birefringent 
coatings-̂  >2"_2°, Moire fringes^>27-31f an(j electrical resistance strain 
c no 
gages ' . The strains thus determined are used with material properties 
for the various layers (assumed homogeneous) to determine stresses both 
on the surface and inside the specimen-*»2' ~^^. 
The use of these methods and the results and conclusions drawn 
from them suggest that a reconsideration of the traditional understanding 
of stress is in order. The stress vector (after Cauchy) is traditionally 
considered to be defined at a point in a continuous body as in^2>^3: 
AF _̂  -. . n OL . lim - — 
"AA+o AA 
5 
where AA is the surface area of an element in the body and AFn is the 
force acting on this area. The subscript, n, denotes the direction of 
the normal to the area element. Or stress is the load intensity at the 
point taken with respect to an infinitesimally small area at the point. 
The implications for fibrous composites are significant insofar as these 
composites are structures consisting of many constituents. The stress 
at a given point in the structure must be understood in terms of the con-
stituent at that point. Stated more directly, the stress in fibrous 
composites must be stated as being the stress in a fiber or in the matrix, 
whichever constituent occupies the point in question. The theoretical 
treatments°~13 Qf stress distribution require no such restriction be-
cause the mathematical model consists of a sandwich of homogeneous, 
albeit anisotropic, plates. Within each plate, the stress may be spoken 
of without specifying the constituents at the point. 
In addition to problems of definition of stress, the stress dis-
tribution within a small subregion consisting wholly of a single con-
stituent will be influenced by the heterogeneous nature of the surround-
ing composite structure. Thus, stress magnitudes within the matrix, 
between fiber layers for example, will vary as a function of proximity 
to fibers specifically, rather than as a function of proximity to a fiber 
layer alone. 
These stress analysis problems are inherent in the structure of 
the fibrous composite. They are important particularly from the stand-
point of failure where the various failure modes are functions of fiber 
or matrix fracture or fiber to matrix separation. Any analysis of the 
interlaminar stresses in an actual multilayered fibrous composite must 
6 
include a reasonable modeling of the heterogeneous structure. 
Study of strain in fibrous composites is subject to the same prob-
lems as is the study of stress. Strain is understood in terms of de-
formation kinematics at a point in a structure. Strain in either of the 
constituents in a fibrous composite must be understood in terms of defor-
mation experienced by that constituent in a sufficiently small vicinity 
of the point. While experimental methods for observing surface strain 
are sensitive to surface deformation over a large area, the assumption 
made to assure the validity of inferences regarding strain at a point is 
that this latter strain does not vary significantly from the "average 
strain" measured in the experiment. For structures which are homogeneous 
and continuous this assumption is usually true enough. For fibrous com-
posites, strain can vary greatly from one constituent to another, as may 
0/ 
be seen in scaled-up models . Hence this assumption is valid only if 
the measurement method can discern these differences. 
Experimental methods of strain measurement used with composite 
materials include electrical resistance strain gages, Moire fringes and 
birefringent coatings. These methods are generally insensitive to field 
variations of the order of magnitude of the fiber and/or fiber layer 
size. Thicknesses of photoelastic coatings used are too great (0.04 in.) 
to quantitatively discern the separate effects of motions in the matrix 
and in the fibers which have a separation smaller than 0.005 in. Strain 
gages must also be placed over several fibers. Even the use of embedded 
minature strain gages places the gage over 15 or more fibers. Moire 
fringes have been used both to observe large displacements and also 
local displacements due to matrix-fiber interactions. The average 
7 
strains measured over an area containing several fibers may vary greatly 
24 from strains at points in either the fiber or the matrix 
The above methods have been used to determine average strains on 
composite specimens and stress-strain relations for isotropic hemogeneous 
plate layers have been used to determine stresses^»26,30, The stresses 
which are so obtained are subject to a source of error other than local 
imprecision. Stress-strain relations commonly used are based on the con-
stitutive equations for anisotropic solids-*-*. These equations define 
the various anisotropic moduli in terms of stresses and strains. These 
moduli are determined using various mixing theories, or they are deter-
mined experimentally using total specimen loads and large field displace-
ments^, 36-398 o r stacked photoelastic models . Moduli thus determined 
cannot be considered to give local stresses in terms of local loads in 
the tradition of Cauchy-*-*, even if these stresses are considered to be 
average values for the vicinity of the point in question. This is true 
because the constitutive equations and the moduli they include are formu-
lated for a bounded structure different than that which is locally pre-
sent (near the edges of the specimen for example). The local stresses 
in the composite structural layer are a function of the local load dis-
tribution alone. 
The application of the constitutive equations for material pro-
perties when using anisotropic but homogeneous plate theory to study 
heterogeneous fibrous composites has been a valuable tool for study 
relationships between distributed loads and the resulting deformations. 
These methods cannot, as they have been applied, give accurate analysis 
of actual composite strains and stresses . It is the latter stresses 
which are important with respect to failure of fibrous composites. A 
study of such stresses as interlaminar should include a sufficiently 
accurate representation of the lamina structure. 
In addition to the above-mentioned methods of strain analysis, 
Moire fringes have been used to study local strain in the vicinity of 
fibers near surfaces . 
Also, there have been efforts to experimentally devise a stress-
optic relationship for fibrous composites consisting of fibers and matrix 
having the same index of ref ractionf^""^. Experiments have been per-
formed to obtain isochromatic fringes showing correlation with the ortho-
tropic stress-optic relationships devised. There has been no vector-
optic derivation of any relationship between the two basic birefringent 
phenomena; rotation and retardation, and their photoelastic manifesta-
tions; isoclinic and isochromatic fringes. The stress optic-law quoted*^ 
is really a plane-stress idealization of one of the two "laws" of Neumann 
and Maxwell̂ -* >̂ ". While this idealization may be valid for a unidirec-
tional laminate, it can not be so for a bidirectional laminate. 
*For an analogous example, a coil spring modulus is commonly considered 
as the ratio of normal load to normal spring deflection. This may be 
extended to "stress" (as the ratio load to gross cross sectional area 
of the coil) and "strain" (as the deflection divided by the free length 
of the spring). Such modulus would obviously not be useful to obtain 
yield stress from deflection for yielding of the spring. Such yield 




PHOTOELASTICITY; SCATTERED LIGHT 
The photoelastic effect, which is widely used to study stress dis-
tributions in complex members, may best be stated in two laws formulated 
by Neumann and Maxwell̂ -*: 
1. At any point in a stressed transparent solid the axes 
of polarization of light passing through the solid are 
parallel to the directions of the principal stresses in 
the plane of wave front at that point.* 
2. The difference in the velocities of the two polarized rays 
at the point is proportional to the difference of these 
two principal stresses and is independent of the stresses 
perpendicular to the plane of the wavefront.* 
This effect has traditionally been applied to engineering problems 
by studying the polarization changes produced in polarized monochromatic 
light which is transmitted through a two dimensional sheet of transparent 
elastic material containing stresses. In practice, the two dimensional 
model is placed between two polarizing filters, which have mutually 
orthogonal polarization directions. The polarization changes are mani-
fested in a pattern of light and dark bands, or fringes, in the plane of 
the model. 
Two types of fringes are present. The first type is associated 
with the first law. These consist of dark bands wherever the principal 
directions are aligned with the polarization directions of the filters. 
^Neumann stated the effects as functions of strain rather than stress. 
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These fringes are isoclinics. The second type of fringe is associated 
with the second law. These fringes are called isochromatics and are due 
to the changes in the velocity difference. The isochromatics are related 
to the stress state by: 
1 n /i \ 
p - q - - h W 
where p and q are the principal stresses, c is the stress-optical mate-
rial constant, h is the thickness of the model, and n is the fringe 
order, associated with the dark bands. 
To study three dimensional models using transmitted light, stresses 
may be "frozen" into the models . The models may then be sliced in 
various directions and these slices may be studied as two dimensional 
models. To analyze such slices Equation (1) may be rewritten: 
P' " q' = i T (2) 
n c h 
A Q 
where p' and qT are the secondary principal stresses . 
During the past several years increased use has been made of 
light which is scattered by a model when a polarized light beam is pass-
ed through it. It was first shown by Weller^" that the interference 
patterns formed along the light beam path give information about stresses 
in planes perpendicular to the light beam. These interference patterns 
called fringes may be observed by viewing the light beam perpendicular 
to its propagation direction. It may be shown->0 that the time average 
intensity of light observed at a point of Interest along the beam 
(Figure 1) is given by 
11 
2 2 2 2 
I = v (cos 6 sin p - 2 sin 9 cos 9 sin 0 cos 0 cosi// + sin 9 cos £) (3) 
where v is a scattering constant for the material, 0 and p are given in 
Figure 1. i// is the accumulated relative retardation of the light beam 
components caused by the secondary principal stress difference between the 
point where the light beam enters the material and the point of interest. 
The secondary principal stresses are in planes normal to the light beam. 
For 9 and p fixed it is seen that points of maximum intensity 
occur when cos «|> = -1 (eq. 3) or ^ = mrr, m = 1,3,5... and minimum inten-
sity occurs when cos ̂  = 1 or i|» = nm, m = 0,2,4.... Points where cos 
«|/= 1 are called whole order fringes and points where cos ifj = -1 are 
called half order fringes. It may be shown that for the case where one 
of the secondary principal directions passes between the polarization 
direction and observation direction, the half order fringes will be mini-
mum intensity points and the whole order fringes will be points of maxi-
mum intensity. 
The stress optic laws previously mentioned may be related to the 
observed effects using scattered light. The first of the laws concerns 
the direction of the secondary principal stresses and the polarized light 
components at the point. This effect is manifested in the variation of 
fringe clarity with 9 and p. (If 9 and/or |3 are zero, there are no 
5152 
fringes). Methods have been developed ' to determine the secondary 
principal directions. 
The second law is found quantitatively in: 
„i „i ._ I 1̂1 
P " q " c ds 
12 
where p' and q' are the maximum and minimum secondary principal stresses, 
s is the distance along the light beam path and n is fringe order. 
Therefore from scattered light photoelasticity the directions and 
the difference in magnitude of the secondary principal stresses may be 
found. From these values the normal stress difference and the shear 
stress may be determined for a given coordinate system: 
a - a = (p1 - q') cos 29 = - 4 s cos 29 (4) 
x y c dz z 
V = | ( P ' -q') sin29 = ^ ^ s i n 2 e z (5) 
where the light beam is directed along the z axis and 9 is measured 
with respect to the x axis. For light passage in the x direction: 
1 dn o~ ,r\ 
<j - o = — ~r~ cos 29 (6) 
y z c dx x 
1 dn o~ /-7N 
Tyz =27 *T Sln 29x (7) 
where 9 is measured with respect to the y axis. For light passage in 
X 
the y direction: 
a - a = - T 1 cos 29 (8) 
z x c dy y 
T = f j 1 sin 29 (9) 
xy 2c dy y 
Although these six equations (eqs. 4-9) contain experimental in-
formation relating the six stress tensor components, the equations are 
not independent because 
13 
a -a = (a - <r ) + GJ - a ) (10) 
x z x y y z 
Additional independent information is provided by the stress equilibrium 
equations and by the boundary conditions at a free surface. 
The stress-equilibrium equations are often used in finite dif-
ference form. This process, called the shear difference method, was 
53 
developed for transmitted light work in three dimensional problems and 
54 
has also been adapted for scattered light analysis 
Scattered light photoelasticity requires a highly columnated, 
monochromatic light source of high intensity. It is also necessary that 
the emitted light beam have a relatively small diameter so that informa-
tion at points along the beam may be obtained. The light produced by 
the laser has been found to be ideally suited for scattered light inves-
tigations . The polariscope used in this experiment employed a contin-
uous wave helium-neon laser for the light source. The light emitted was 
in the visible red range (wave length = 6328 angstroms). The features 
of the polariscope are described in a later section. 
Scattered light photoelasticity has many distinct advantages for 
studying stresses in fiber composite models. The thermal stresses which 
would be associated with the stress freezing of three-dimensional trans-
mitted light analysis are avoided in the heterogeneous model. Stresses 
and other ill effects associated with slicing such models are also 
avoided. The model need not be destroyed and can be used again. The 




Because of the small fiber spacing in actual glass-resin compos-
ites, the use of photoelastic techniques in the interlaminar regions is 
almost impossible. Therefore, in order to carry out a photoelastic 
analysis of the interlaminar stresses, scale models of typical fibrous 
composite elements were fabricated. The choice of the particular models 
used in this study was based on previous composite investigations, simi-
larity to real fibrous composites, and the relative ease in obtaining 
the photoelastic data. 
Two different models were constructed. The first contained only 
two fiber layers, separated sufficiently to permit a fairly thorough 
investigation of the total stress tensor in the matrix region between 
the fiber layers. The second model contained four fiber layers and was 
constructed to examine the interlaminar shear stress. 
Based on the studies previously referenced, it was decided that a 
fibrous composite element, subjected to an in-plane state of stress, 
would be sufficiently general to justify this investigation. As pointed 
Of. 
out by Azzi and Tsai , a general state of in-plane stresses in a com-
posite may be attained by the application of a tensile load in a direc-
tion other than one of the "natural axes" of the composite. The natural 
axes of a fibrous composite layer are parallel and perpendicular to the 
fiber directions. For example, the natural axes for the two-layer model 
are the x and y axes for either layer (see Figure 2). The coordinates 
15 
and fiber orientations chosen for the models constructed in this study 
are practically the same as those of previous investigations. 
A load frame was designed and fabricated so that a tensile load 
could be applied to the models in the desired direction. The design 
provided maximum visual access and sufficient strength and rigidity. 
Figure 3 shows the load frame with the two-layer model installed. Spher-
ical seats were machined in the two rectangular bars at either end of 
the frame to match spherically shaped bolt heads, in order to transmit a 
pure tensile load to the model. A strain gage was attached to one of 
the end plates of the load frame, then the entire frame was calibrated 
with the aid of tensile testing machine. Because the load frame was 
calibrated, the load on the model could be continuously monitored by the 
use of a strain indicator. Thus during set up and data taking, it was 
possible to determine early whether the load on the model had changed. 
Over a period of about five hours, a load relaxation of approximately 
one percent was noted. This was thought to be due to the creep behavior 
exhibited by most epoxy resins. 
The fiber spacing (center to center) in each case (two-layer and 
four-layer designs) was chosen to be about equal to twice the fiber 
diameter. For the complete solution desired in the two-layer model, a 
fiber spacing of one inch was found to be satisfactory. With this fiber 
spacing sufficient data could be extracted at the points of interest. 
Although transparent, the models were optically as well as physically 
inhomogeneous. In photoelasticity it is necessary to pass light through 
the models in various directions. The light beam was distorted when 
passed through a fiber. Therefore, when the light was directed in the 
16 
z direction, an incomplete set of data was obtained at points between 
the fiber intersections. Stresses at these hidden points were found, 
however, because of the solution method employed. The differences in 
the indices of refraction of the glass fibers and the epoxy matrix also 
occasionally caused undesirable reflections of the light beam. By chang-
ing the observation direction, viewing of the reflections could be elimi-
nated. 
Dimensional Analysis 
Dimensional analysis is summarized by Buckingham's theorem: "If 
an equation is dimensionally homogeneous, it can be reduced to a rela-
tionship among a complete set of dimensionless products"^". A dimen-
sionally homogeneous equation is one having the same form regardless of 
the fundamental units of measurement employed. Then according to 
Buckingham's theorem an equation such as 
y = g (xx, x2, ..., x^) (11) 
can be reduced to an equation of the form 
7TX = f (7T2, 7T3, ..., 7Tm) (12) 
where 7J\ , . .77- constitute a complete set of dimensionless products 
(77 terms) of the variables y, x-, , x~, ..., x*. Any of the TT terms may 
be represented as a function of the other (m - 1) TT terms. Model study 
utilizes the fact that the function f depends only on the dimensionless 
products 7r2**,7rm» s o t n a t : 
17 
rr = TT 
Pr Mo 
(13) 
if TT. = TT. i = 2, . .., m, 
LPr ^o 
where the subscripts Pr and Mo denote the prototype and model respec-
tively. By arranging the n terms such that n contains the variable of 
interest (dependent variable), the behavior of this variable in the pro-
totype may be studied by testing a model constructed such that all the 
remaining n terms are matched. 
The complete set of dimensionless products can be determined 
56 systematically as discussed by Langhaar . Accordingly, the first step 
is to decide what independent variables, x^, ..., x*, affect the depen-
dent variable y. Next the dimensional matrix is formed and its rank, r, 
computed. The dimensional matrix consists of an array of the exponents 
of the fundamental units of the dependent and independent variables. 
The rank is defined as the order of the largest non-zero determinant 
contained within the dimensional matrix. If there are k variables (in-
cluding the dependent variables), then k - r dimensionless products con-
stitute a complete set. 
In the case of elastic deformation of a composite, assuming the 
dependent variable to be a stress component o.., the independent vari-
ables are: 
Fiber Volume Fraction* Vf 
*The matrix volume fraction is not included because it is not independent 
of the fiber volume fraction, i.e. Vm - 1 - Vf. 
18 
Young's Modulus of Fiber Ef 
Poisson's Ratio of Fiber v_ 
Young's Modulus of Matrix E 
Poisson's Ratio of Matrix u 
m 
Fiber Orientation Angle a 
Width of Specimen w 
Thickness of Specimen t 
Tensile Load F 
One variable not present in the list is the aspect ratio of fiber diame-
ter length to model width. The nature of the scattered light investi-
gation between the fiber layers necessitated use of relatively short 
fibers. The model otherwise was fabricated geometrically similar to the 
prototype, thereby eliminating geometry as a variable. 
Employing the Mass, Length, Time (M, L, T) unit system, the dimen-
sional matrix is shown in Table 1 
Table 1. Dimensional Matrix for Model Variables 
cr. . 
i j 
Vf E f vt m ^m a w t F 
M 1 0 1 0 1 0 0 0 0 1 
L -1 0 -1 0 - 1 0 0 1 1 1 
T - 2 0 - 2 0 - 2 0 0 0 0 - 2 
The largest non-zero determinant that can be formed from the dimensional 
matrix is of second order, thus r equals two. There are ten variables 
therefore, 
19 
k - r = 









n 4 = Vf (14) 
TT,- = V 
5 m 
n6 = a 
w 
n7 = t 
n8 " E~ 
where s = — . According to Buckingham's theorem 
tw 
o\ . 
- £ ( T ^ J TTo» TT,» TTc » TTg, TT^, TTg) (15) 
and if 
T T . = T T . 
LPr "̂Mo 
i = 2, 3 , . . . , (16) 
then 
a . . a . . 
1 JPr = 1JMo 
SPr SMo 
20 




Equation (18) may be used to relate the stresses in the prototype to 
those in the model, provided equation (16) is satisfied. A comparison 
of the rr terms for the two models and a typical glass-resin composite 
(prototype) is listed in Table 2 
Table 2. Comparison of Dimensionless Products for Models 
and Prototype 
E f s 
v f 
E 




Two-Layer Model .20 19.6 .20 .42 ±45° 2.0 .000013 
Four-Layer Model .20 19.6 .20 .40 ±45° 1.8 .000013 
Prototype .20-.60 20.0 .20 .42 ±45° 1.5-10.0 .000013 
From Table 2, it is clear that the two models will closely represent a 
prototype composite even though two TT terms (Vf and —) are on the ex-
tremes of the prototype ranges. The value of the volume fraction Vf for 
the models was chosen so that the experimental data could be extracted 
accurately. The ratio ~r is believed to have a relatively small effect 
C Q 
on the stress distribution . Selected stresses in the four-layer com-
posite model with the same over all dimensions as the two-layer model, 
but with fibers one-half size, will be compared to the stresses found in 
the latter to evaluate the effects of boundary proximity, number of 
layers and fiber size relative to model size. 
21 
Model Fabrication 
The complete models are shown in Figures 3 and 4. The dimensions 
and coordinate systems used for the two models are shown in Figures 2 and 
5. The overall dimensions of the two models were approximately the same. 
Flint glass rods were selected for the fibers. A room temperature curing 
59 
epoxy was chosen for the matrix material in both the two-layered and 
four-layered models. This particular epoxy has very good photoelastic 
properties, a low percentage of shrinkage during curing, good machine-
ability and elastic properties similar to many common resin systems. By 
carefully controlling the temperature of the epoxy during the cure cycle, 
the exothermic reaction rate was substantially reduced. This was neces-
sary to minimize the thermally induced stresses which would result if 
bonding between the fibers and the matrix occurred at an elevated tem-
perature. The difference in thermal expansion rates for the fibers and 
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matrix was large enough to cause such stresses 
The room temperature epoxy consists of three main components. Two 
resins, ERL 2774*'' and ERL 2795, were mixed in proportions so that the 
desirable properties of each resin could be utilized. The catalyst ZZL 
0803 was used for the purpose of slowing the reaction down; thereby re-
ducing the exothermic reaction rate. The ratios of the components were 
two pbw ERL 2774, two pbw ERL 2795 and one pbw ZZL 0803. A silica gel, 
Cab-o-sil**, was added to the mixture to increase the clarity of the scat 
tered light fringes; five milliliters per pound of mixture was found to 
-The designations ERL 2774, ERL 2795 and ZZL 0803 are trade names of 
Union Carbide Corporation, New York, N. Y. 
*"*Cab-o-sil is a trade name of the Cabot Corporation, Boston, Mass. 
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be optimum. 
The two-layer model was fabricated first. The glass fibers were 
suspended in an aluminum mold. Fiber spacing and locations were main-
tained by the mold side plates. The inner surfaces of the mold were 
polished with a buffing wheel and Brasso , then cleaned with acetone to 
remove any film left during polishing. These surfaces were then sprayed 
with Surfak** mold release which had proven earlier to be an exceptional 
release agent for epoxy. Immediately before the mold was assembled, the 
glass rods were cleaned with "metal conditioner" and "neutralizer" in 
that order. These chemicals are commonly used to prepare surfaces for 
application of electrical resistance strain gages, and practically the 
same procedure is used for applying strain gages to glass with an epoxy 
adhesive; therefore, the glass-resin bond was assumed to be sufficiently 
strong. 
After assembling the mold with the fibers in place, all the joints 
were sealed with an RTV*** adhesive. During assembly, care was taken to 
keep the mold release off the fibers. The epoxy system was mixed for one 
hour; then the mixture was evacuated until the air, entrapped during 
mixing, had been removed. The mixture was poured in the mold carefully 
to avoid introduction of air bubbles in the model. After pouring, the 
epoxy was allowed to cure at room temperature (75°F) for 96 hours. The 
*Brasso is a liquid polish manufactured by R. T. French Co., Rochester, 
N. Y. 
**Surfak is a trade name of Surfak Products, Chicago, 111. 
***Manufactured by General Electric Co. 
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model was then removed from the mold and post cured at 105°F for 96 hours. 
By making several simple glass-epoxy models, it was found that a post 
cure temperature significantly higher than 105 F caused measurable 
stresses near the fiber-matrix interface when cooled to room temperature. 
Even with the precautions mentioned, small residual stresses were ob-
served, photoelastically, near the edges of the model at room tempera-
ture. The magnitudes of these stresses were negligible compared to the 
stresses induced by loading. 
The design and construction of the four layered model was based on 
the same considerations which led to the use of the two layered configu-
ration. The fiber volume fraction (V^) was the same in each case so that 
the results could be compared. The four layered design included a more 
versatile mold, with the possibility of various fiber orientations, 
spacings and sizes. An unassembled view of the four-layer mold is shown 
in Figure 6. The process of assembly is pictured in Figures 7 through 9. 
Silicone rubber was used to form the interior sides and ends of the mold. 
The bottom surface of the mold was covered with a Teflon sheet; there-
fore, no release agent was needed. Prior to assembly, the glass rods 
were cleaned in the same manner as previously described. The fiber lay-
up in the four layered model was +45 , -45 , -45 , +45 with reference 
to the longer sides of the model. 
The casting and curing procedures used here provided the desired 
results, with respect to desired model dimensions, model transparency and 
residual stresses. Molded surfaces were extremely smooth and required no 
*Teflon is a registered trade mark of the Du Pont Co. 
24 
polishing. The top surface of both models (the free surface during cast-
ing) was machined to remove any surface irregularities, and to obtain the 
desired dimensions. Two holes were reamed in each end of the models for 
the purpose of applying the tensile load. 
Data Collection 
For the purpose of taking data, the model under consideration was 
mounted in the scattered light polariscope on the support arm. This sup-
port arm, made of 2^ in. diameter steel pipe, was attached to a set of 
heavy duty, two directional, precision ways. The location of the model 
with respect to the light beam could be easily and accurately (within 
0.001 in.) determined from extended range dial indicators, providing un-
ambiguous readings. Three rotational motions of the model were provided 
by the bracket which connected the load fixture to the support arm. Fig-
ure 10 shows the scattered light polariscope. The two-layer model is 
shown suspended in the immersion tank in Figure 11. The various angles 
were measured with an inclinometer. After the model was oriented in the 
desired configuration, the immersion tank was raised, so that the model 
was submerged in immersion fluid. Both models were loaded axially to 
500 lb during the experiment. The immersion fluid used was a mixture of 
50 parts of Arochlor and 15 parts of light mineral oil. This mixture 
of immersion fluid was found, through testing, to be relatively inert 
with respect to the epoxy used here. A sample of the room temperature 
epoxy was left submerged for approximately six months with no apparent 
*The light beam used in this polariscope is the output from a Helium-
Neon laser; it has a fixed location and direction. 
**Arochlor is a hydrocarbon manufactured by Monsanto Chemical Co. 
25 
physical or optical changes. The Arochlor oil (a hydrocarbon), however, 
does dissolve many common plastics, including the plastic faces on labo-
ratory instruments. Additionally, extended periods of vapor inhalation 
or skin contact with the Arochlor oil was not recommended. These dis-
advantages mentioned did not appreciably hinder the data taking operations. 
The indices of refraction of the model matrix and the immersion 
fluid were closely matched by the Arochlor-mineral oil mixture. In fact, 
the match was sufficient to give the models the appearance of layers of 
glass fibers suspended in the immersion fluid. The matching of the 
indices of refraction is necessary, so that the light beam will enter a 
skewed boundary of the model, and remain collinear with its original 
direction. 
Scattered light data was collected in the regions of interest as 
indicated in Figures 2 and 5. The regions of interest were about 3.3 in. 
x 1.0 in. x 0.5 in. in the two layer model and 2.0 in. x 0.7 in. x 0.2 in. 
for the four layer model. Where possible, the light beam was transmitted 
in the three coordinate directions x, y and z at each point of interest. 
Points in the region were spaced at 0.100 in. intervals in a cubic grid 
pattern. Fringe locations (points of maximum and minimum light intensity) 
were recorded directly on graph paper by means of a photometric scanner . 
Images of the fringe patterns were magnified and focused at a convenient 
plane with the aid of a camera mounted on an optical bench. The optical 
bench and immersion tank could be rotated as a unit about the light beam 
(vertical axis of the polariscope); thereby providing generous visual 
access. A photomultiplier tube (scanner tube) was situated at the plane 
of the focused fringe pattern image. By moving the scanner tube along 
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the fringe pattern, the variations in scattered light intensity were 
sensed by the scanner and converted to electrical signals. The electri-
cal signals were amplified and used to drive the y displacement of an 
x-y recorder; the x displacement was controlled by the location of the 
scanner along the light beam. Figure 12 shows the photometric scanner. 
At some points, photographs of the fringe patterns were helpful in inter-
preting the data. The bulk of the data, however, was recorded using the 
previously mentioned scanner. The data recording system proved to be a 




The solution methods for the two-layer and four layer models dif-
fered significantly. Solution in the two-layer model was for the full 
stress tensor (three normal stresses and three shear stresses in the 
interlaminar region between the fiber layers). To obtain all stresses 
required other than photoelastic information, specifically uses of the 
boundary conditions and the field equations of elasticity. In the four-
layer model solution was obtained only for the interlaminar shear stress. 
This was found using only photoelastic data. 
Two-Layer Model 
The solution was obtained in the region ABCDA between the fiber 
layers as seen in Figure 2. A three dimensional network of solution 
stations was established in this region with a uniform station spacing of 
0.1 in. The x,y,z co-ordinates identify the three directions used in the 
analysis and stress solution. The stresses obtained were then transformed 
to obtain values in a co-ordinate system (1,2,3) aligned with the model 
instead of with the fibers. Use of the region and first co-ordinate 
system aligned with the fibers provided good optical access for obtaining 
the scattered light data. 
To determine the stresses: o" , a , a * T , T > T , the fol-
x y z' xy' xz yz 
lowing sources of information were used: 1) photoelastic data, 2) 
boundary conditions, 3) stress-equilibrium relations. After obtaining 
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the photoelastic data in the three co-ordinate directions, full stress 
solutions were obtained with each plane normal to the z axis of the 
solution station network. Certain of the stress components could be ob-
tained from photoelastic data alone. The remaining components were 
determined using a least-squares solution of a system of linear equations 
(Appendix A) obtained from the aforementioned information sources. 
Photoelastic stress information at all stations may be given 
(Equations 19, 20, 21, 22) 
(VC Tz} l .J .k = K d l D i ^ k <COS 2QJ i . j . k (19) 
(Tyz) i,j,k " 2C Cdx) i,j,k
 (sin 29x} i,j, (20) 
(<Vax> i,j,k = K d 7 ) i,j,k (cos 2 V i,j,k (21) 
( T X Z } i,j,k 2G Cdy) i,j,k (8in 2 0 y
} i,j,k (22) 
where i, j and k denote station location in the y, x and z directions. 
These equations were used at all points in the region to determine the 
two shear stresses and the two normal stress differences without need of 
other information. The fringe derivatives were obtained using smoothed 
cubic splines (Appendix B) with extrapolated end regions identical to 
those described by Berghaus and Cannon for scattered light photo-
• • 61 elasticity 
The third shear stress and one normal stress remained to be deter-
mined and thus yield the total stress tensor. To determine these values 
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a system of linear equations relating Q , a and f was developed. Use 
of two normal stresses was necessary due to the inclusion of two stress-
equilibrium equations in the solution. The system of equations over-
determined the solution and provided opportunity for use of a weighted 
least-squares solution. 
The system of equations may be developed in a manner similar to 
that used for two dimensional transmitted light photoelasticity 
Photoelastic information may be used at stations where the passage 
of the light beam in the z direction is not obstructed by a fiber. Thus: 
(ox> l.J.k " < V i,i,k " K f D i.J.k
 ( C ° S 29.) i,Jfk (23) 
(Txy' i,j,k=^Gf)i,j,k (sln 2 V i,j, (24) 
where i, j, and k indicate the appropriate location in the y, x, and z 
direction respectively of the solution station. 
In addition at all points in the region <j and a are related 
through the normal stress differences obtained from passage of the light 
beam in the x and y directions. Thus: 
K} i , j ,k " ( V i . j . k = - ( v a x
} i . j .k " V 7 ^ i . j . t (25) 
where (o -<j ) . . , and (o* -a ) . . , are obtained from Equations 21 and 
z x i,j,k y z i,j,k 
19 respectively. 
Stresses at the various stations may be related using the stress-
.,., • • 6 3 equilibrium equations 
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bcr 6T 6T 
"7T + "T^ + "T* = ° (26) 
b* by 6z 
6T 6T bT 
- ^ + - ^ + - ^ = 0 (27) 
bx by bz 
These equations are commonly employed for two and three dimensional photo-
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elastic analysis in the shear-difference method " . Finite dif-
ference approximations for equations (26) and (27) are used to proceed 
from the region boundary into the region in a sequential manner. For 
the present solution method the finite difference approximations are 
linear equations used together with equations from the other sources of 
information to obtain a solution for the stresses using least-squares. 
The finite difference approximations may be obtained using the mean value 
C\ 0 1 
theorem as has been done previously . For a point (i + —,j,k), midway 






y i + pj.k yi+l,j,k *i,j,k 
Furthermore, if the station spacing is not great 
and 
(^) . i [ (M + (N) ] 




For equation (29) 
C-r^O = ^— L(Txy}i+i,J+i,k " ^xy^+i . j^j 
bX i+l,j,k Xi+l,j+l,k " Xi+l,j,k 
Similar expressions may be obtained for all partial derivatives in equa-
tions (29) and (30). Recognizing that all displacement differences are 
equal due to the uniform station spacing equation (27) may be rewritten 
( a yW,J ,k " (cy)i,j (fc
 + i[Vi+l,J,k " ̂ l-l.j.k 
+ ^xy^+l.j+l.k " ^xy^-l.j+l.kj 4 L^yz^, J ,k-l " {r7^UU k+1 
+ ^yz^+l^^-l " ^yzh+ltUto-l] (31) 
In a similar manner, equation (26) may be approximated: 
^ x y ^ i + l . j . k " ( T x y ) i > J , k
 + A L ( a x ) i + l , j , l c " ( a x } i - l , j , k 
n I r 
+ ^i+l.j+l.k " ^i-l . j+l.kj = 4 [}Txz\,i,\!L-l ' ^xz^^k+l 
+ (Tx3}i+l,j,k-l " ^xz^+l.j.kfl] (32) 
In equations (31) and (32) all terms on the left side are unknowns, those 
on the right are obtained from equations (7) and (9). 
For solution stations on the free boundary of the region if 6 is 
the angle between the x axis and the normal to the boundary, the stress 
65 . nj transformation equations yield 
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2 2 
(CT ). . , cos (9). . . + (a ). . , sin (0). . _ 'uxyi,j,k i,J,k yyi,J,k i,j,k 
+ 2 (T ). ,, cos (6). ., sin(e), , = a (33) 
xy i,j,k i,J,k i,J,k n 
for the normal stress, and 
\(a ). . 1 - ( G ) . . . \ cos (G). . , sin (9). . , L v x'i,;),k y i,j,kj i,j,k i,J,k. 
+ (T ). . , fsin2(0). . . - cos2(9). "I = T (34) 
xy i,j,k L i,J,k L»J»kJ n t 
for the surface shear stress in the xy (and nt) plane. For all boundary 
stations 0 = -45 , a = 0, T = 0 . Thus equation (15) becomes 
\ (a ). . . + ^ (a ). . . - (T ). .' = 0 (33a) 
2 x i,j,k 2 y i,j,k xy i,j,k 
and equation (16) becomes 
(a ). . . - (a ). . . '= 0 (34a) 
x i,j,k y i,j,k 
Having a matrix of equations for the stresses in the region, the 
solution may proceed using least-squares. For the region in this problem, 
there were too many unknowns and equations to solve for the entire region 
at one time using the available computer. Therefore the region was 
broken up into subregions (Figure 13). Stresses were computed in the 
first subregion containing the free boundary. The solution then pro-
ceeded to each of the other subregions in a sequential manner. The 
stresses along the network line shared by two adjacent subregions were 
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obtained from the solution for one subregion and then used as boundary 
conditions for the solution of the next subregion. A list of the number 
of unknowns and equations for each region is given in Table 3. 
Table 3. Numbers of Unknowns and Equations for 
Subregions of Two-Layer Model 
Region Unknowns Equations 
1 108 156 
2 114 199 
3 132 203 
4 132 203 
5 132 233 
6 132 213 
7 132 193 
8 132 223 
9 132 223 
10 99 149 
Stresses obtained from the solution in a given subregion were 
used in the solution for the succeeding subregion in an additional way. 
Because the fiber layers contained fibers at closely controlled, uniformly 
spaced intervals, and because the model was in a state of uniform uni-
axial tension (away from the load application pins), the stress com-
ponent values were considered to repeat themselves periodically along 
the model, with the length of the period equal to the fiber separation 
(along the length of the model). Because the solution region and sub-
regions were placed symmetrically across a fiber in the x direction, 
stresses along the left edge (line AB) from one subregion could be used 
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as boundary condition values at appropriate stations along the right 
edge (line CD) in the stress solution for a succeeding subregion. 
ft 9 
Certain of the equations were weighted . Because the value of 
(o~ ) . . -(a ). . in equation (25) is obtained using the difference 
x l » J j ' : C y^-jJjK. 
of two derivatives, it was considered to be much less accurate than the 
difference obtained from equation (4). Equation (25) was given a weight 
of one tenth (0.1) at each solution station. 
Following solution for stresses in all subregions, the values 
were then transformed from the x,y,z co-ordinate system to the 1,2,3 co-
ordinate system. The transformation equations for each station become 
(without station subscripts): 
o= — (o + a ) + T ,__N 
1 2 x y xy (35) 
a0 + - ( c j + a ) - T ,,rc 
2 2 x y xy (36) 
Q3 = az (37) 
T12 " 2 (ay • Gx } (38) 
— ( \ 
T23 /2 Uyz * Txzj (39) 
T13 /2 (Tyz + Txz) (40) 
So that comparisons could be made more easily, stresses in the 
rectangular region ALNDA of Figure 13 were desired. It was noticed 
that the triangular area DFED was equivalent to region AKFA, and that 
area FGHEF was the same as area KMNFK. The triangular area KLMK was 
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made up of two smaller triangles, GBHG and HCEH. Signs of the shear 
stress components T9O
 an<^ T n were changed in the region GBHG to account 
for relocation of this area. In addition to this relocation, the trans-
formed stresses were normalized with respect to the average tensile 
stress applied to the model. The transformed, normalized stresses are 
plotted for the region ALNDA in Figures 14 through 53. An explanation 
for the various items in the figures is found preceding Figure 14. 
Four-Layer Model 
The four-layer model was constructed to study directly the inter-
laminar shear stress in the matrix between two fiber layers and to com-
pare results with the two layer model. The two outer layers were normal 
to the two inner layers, to produce a symmetric model. 
Analysis was performed between two crossed fiber layers. Data 
was taken by passing the light beam between the layers, parallel to them 
and normal to the side of the model (Figure 4). Thus for passage of the 
light beam in the x direction: 
1 dn . ,fl T = 77 ~T~ sin 20 
yz 2c dx x 
In this equation, n is again the fringe order and 0 is direction with 
respect to the horizontal (z axis) of greatest principal stress. The 
x,y,z coordinate system is completely different for this problem. 
Data was recorded photographically because the distortions present 
when viewing the trace through the first layer of fibers could not be 
reliably observed with the scanner and plotter. Three exposures were 
made side by side on a single film plate by rotating the observation 
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camera of the scanner to three different view directions (45 between 
directions). This provided opportunity to view all positions of the 
trace in at least one view without observing through the fibers (Figure 
54). Fringe locations were measured using a scale. Secondary principal 
directions were determined by observing maximum or minimum fringe defi-
nition. 
The fringe derivatives were calculated again using a smoothed 
cubic spline. Because the derivative fluctuations were pronounced near 
the boundary on most traces, the second derivative term for the extrapo-
lation parabola was determined from a least square parabola fitted to the 
five data points immediately adjacent to the boundary . Continuous 
curves for the secondary principal directions were obtained using least-
squares cubic polynomials. Thus the cubic spline and the cubic poly-
nomial provide continuous curves of T over the length of the trace. 
The results are shown in Figures 55-69. An explanation of the various 
items in the figures is found preceding Figure 55. 
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CHAPTER V 
DISCUSSION OF RESULTS 
The results for both models yield much higher matrix stresses 
than theoretically determined composite stresses. When these high values 
were obtained, the stress-optical constant of the epoxy and the load 
calibration factor of the load frame were checked and found to be very 
close to their original values. The steps in the solution method were 
checked and no inconsistencies were found. Therefore, these were not 
considered to be sources of error. 
The specific results for the two models are discussed separately. 
In the two-layer model the results for all six components show no 
strong tendency for a monotonic variation from model edge to center. 
Where fibers in the two layers intersect the 1-3 plane at the same place, 
the normal stresses and the shear stress, T 1 9 often vary erratically. 
This may be due to the proximity of the two fibers, but is probably also 
due to the lack of data from a light beam in the 3 direction at these 
locations. The inability to pass a light beam in the 3 direction where 
two fibers lie in the path prevents use of equations (23) and (24) at 
solution stations in these locations. This does not affect values of 
T, o an<3 T9O whose values are determined from photoelastic data alone 
and not from the least squares solution. 
The results for the two-layer model are given at solution stations 
only in all figures. The line segments connecting the values aid in dis-
tinguishing the various stress components but are not intended for inter-
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polation. 
Results for the four-layer model show a ripple effect superposed 
on a rather linear decrease of the interlaminar shear stress, T , from 
yz 
the edge to the center of the model. Such decrease is predicted theoreti-
cally for composite interlaminar stress although the rapid decrease (non-
linear) adjacent to the edge is not present in the four-layer model. A 
comparison of the matrix interlaminar shear stress magnitudes with com-
posite interlaminar shear stress obtained by theoretical methods indi-
cates experimental matrix stresses are one order of magnitude higher in 
the edge region. The theoretical stresses may be obtained from the 
results of Pipes and Pagano using the appropriate stress-strain and 
1 • u- 7 » 1 3 
transformation relationships 
The ripple effect has the same period as the fiber spacing in the 
xy plane. This effect produces a relatively low magnitude shear stress 
as the light beam passes close to a fiber in the upper layer. A rela-
tively high magnitude shear stress is produced when the light beam passes 
between fibers in the upper layer. The magnitude of ripple fluctuations 
is generally greater when the light beam is transmitted along a section 
(xy) plane where the fibers of both layers intersect this xy plane at 
the same location. 
Relatively high stresses tend to be near the edge when the fiber 
intersects the xy plane near but inside the free boundary. 
There does not appear to be a significant difference in values 




The results of this investigation provide an experimental solution 
to the problem of determining interlaminar stresses in the matrix of a 
multilayered fibrous composite. The use of dimensional analysis permits 
the implications of the results obtained from these photoelastic models 
to be extended to prototype fibrous composites which are similar. Inso-
far as comparisons are possible, the results of the two-layer and four-
layer models show good agreement. The generally higher values of the 
interlaminar shear stress in the four-layer model may be due to smaller 
aspect ratio for this model. This factor may also account for the more 
pronounced linear decrease in shear stress magnitude from the edge to 
the center of the model. In view of the independence of the analyses 
the agreement of the results tends to give credibility to the methods 
employed. 
Comparisons with similar experimental analyses verify the rela-
tively high stress concentrations found here. In particular, the inves-
o £ fie. 
tigations performed by Azzi and Tsai and Tsai showed that little 
strengthening is provided by the fibers in tensile specimens with off-
axis fibers. Azzi and Tsai used as one case unidirectional model whose 
fibers were oriented 45 from the applied tensile load. The fracture 
strength of such a model was found to be less than the fracture strength 
of the matrix itself; thereby, indicating the existence of stress con-
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centrations. 
An average stress concentration of 1.5 was found by Tsai. The 
model tested was a three layered + 45 fiber orientation, glass-resin, 
fibrous composite. The average stress concentration factor of 1.5 could 
be due to relatively high stresses in the interlaminar region as indi-
cated here. 
Daniel found a stress concentration factor of about 2.0 in a 
composite tensile model whose fibers were normal to the direction of the 
applied tensile load. 
Comparisons of the results with the relevant theoretical analyses 
are not as good. The tendency toward very high shear stresses adjacent 
to the specimen edges predicted by Pipes and Pagano was not evidenced 
uniformly in these results (see stress T..,,). This tendency was more 
apparent in the four-layer model; possibly due to the larger width-to-
fiber diameter ratio. In any case, the "edge effect" did not seem to 
dominate the shear stress distributions. There was a general trend in 
most of the o\ and T curves (two-layer model) to decrease near the 
outer boundary as discussed by Pipes and Pagano . However, the fluctua-
tions in the stresses away from the boundary observed in the experiments 
were not predicted theoretically. The frequency of these variations were 
found to be approximately in phase with the fiber locations. The theore-
tical analyses assume homogeneity. 
With respect to the normal stress a1 (parallel to the applied ten-
sile force) in the two-layer model, an average stress concentration 
factor of approximately 3.4 was found in the interlaminar region of the 
two-layer model. While this seems excessive at first glance, it accounts 
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for only 517o (Appendix C) of the applied load. This means the stress o 
would have to be relatively low over the rest of the model. The stress 
component Q 9 generally behaved as expected; i.e. a approached zero near 
the outer boundary of the model (Station 1). 
The use of the least squares method to effect the complete solu-
tion in the two-layer model was the first such application in a three 
dimensional problem and justifies further use in this field. 
The most significant result is the high value of the various 
matrix stresses, particularly the interlaminar shear stress. Insofar as 
matrix stresses are important factors in composite failure, the results 
of this report indicate that theoretical studies which assume homogeneous 
layers in composites do not yield correct values for them. High matrix 
strains have been predicted previously for certain types of fiber orien-
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tation and loading relations in unidirectional composites . It has 
been shown that the matrix strains can be higher than the fiber strains 
6 
by a factor of the order of the ratio of fiber modulus to matrix modulus 
These experiments show that such values can also be expected in crossply 
composites when loaded at 45 with respect to perpendicular crossply 
fibers. The results of this study should be of help in any refinement of 
the hypotheses concerning stress distribution in composites. 
The computer techniques may be adapted to other problems through 
minor modifications. Photoelasticity is ideally suited to the use of 
the least squares approach in obtaining solutions. The use of finite 
difference approximations to the field equations of elasticity together 
with experimentally derived stress relationships (stress-optic law) 
usually provides the opportunity to structure an overdetermined set of 
42 
linear algebraic equations. The field of photoelasticity would benefit 
by utilizing the least squares technique as a standard solution method. 
In addition to the potential contributions to the study of com-
posites, this investigation also demonstrates the versatility of scat-
fin 
tered-light photoelasticity. The particular polariscope used here 
greatly simplified the data gathering procedure. The automatic fringe 
recording feature supplied accuracy virtually unattainable with the 
standard photographic fringe record. 
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Figure 1. Optical directions and secondary principal stresses 
for scattered light photoelasticity. 
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Figure 2. Configuration of two-layer model. 
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Figure 3. Two-layer photoelastic composite 
model in load frame. 
Figure 4. Four-layer model in load frame. 
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Figure 5. Configuration of four-layer model 
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Figure 6. Unassembled mold for four-layer model. 
Figure 7. First fibers in place in mold. 
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Figure 8. Two fiber layers in place in mold. 
Figure 9. Completed mold with all fibers in 





Figure 10. Scattered light polariscope 
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Figure 11. Two-layer model suspended in 
immersion tank. 
Figure 12. Photometric scanner 
51 
Figure 13. Solution region of two-layer model showing 
subregions and transformation axes. 
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Graphs of Stresses in Two-Layer Model 
The graphs which follow (Figures 14-53) contain the stress distri-
butions found in the matrix of the two-layer model. In each figure, the 
stresses in the upper set of curves represent the three normal stresses: 
o" , o" , and & . The three curves in the lower half of the figure repre-
sent the three shear stresses: T 1 9,
 T o v anc* T l V ^"^ s t r e s s values have 
been normalized by dividing each stress by the average normal stress, S, 
aligned with the model. 
The ordinates of the graphs give the value of the normalized stress 
component. Values of the index I' (location of each solution station 
along the 2 axis) are given on the abscissa of the graphs. Stations 
proceed from adjacent to the free boundary (on the left) to the center of 
the model (on the right). In the 2 direction the stations are 0.14 in. 
apart. The location of each station is given uniquely by the three indi-
ces, I', J', and K. Thus, for each figure the indices J' and K are given 
in the caption. Stations along the 1 axis correspond to values of J1. 
Planes located by the four values of K are shown in Figure 2. 
Fiber locations in the appropriate 2, 3 plane are indicated by the 
stars. Horizontal locations have the same scale value as the solution 
stations. Vertical fiber locations on the graphs are scaled closer than 
horizontal locations. To obtain a vertical scaled distance from the 
abscissa (which now represents the location, K, of the row of solution 
stations), the distance on the graph should be multiplied by 1.7. Figure 
14 shows fiber cross sections at the fiber intersections. The cross 
section ellipses have the same scale (the horizontal scale) in the 














Figure 14. Normal and shear stress results for two-layer 
model for solution stations (I') in 2 direction 
for J' (1 direction) = 2, K = 1. 
Refer to explanation preceding Fig. 14 and to 














Figure 15. Normal and shear stress results for two-layer 
model for solution stations (I1) in 2 direction 
for J1 (1 direction) = 2, K = 2. 
Refer to explanation preceding Fig. 14 and to 























Figure 16. Normal and shear stress results for two-layer 
model for solution stations (I') in 2 direction 
for J' (1 direction) = 2, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 17. Normal and shear stress results for two-layer 
model for solution stations (I1) in 2 direction 
for J' (1 direction) = 2, K = 4. 
Refer to explanation preceding Fig. 14 and to 
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Figure 18. Normal and shear stress results for two-layer 
model for solution stations (I1) in 2 direction 
for J' (1 direction) = 4, K = 1. 
Refer to explanation preceding Fig. 14 and to 
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Figure 19. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 4, K = 2. 
Refer to explanation preceding Fig. 14 and to 








Figure 20. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 4, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 21. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J1 (1.direction) = 4, K = 4. 
Refer to explanation preceding Fig. 14 and to 
































Figure 22. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 6, K = 1. 
Refer to explanation preceding Fig.'14 and to 












Figure 23. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J' (1 direction) = 6, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 24. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 6, K = 3. 
Refer to explanation preceding Fig. 14 and to 
















Figure 25. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J' (1 direction) = 6, K = 4. 
Refer to explanation preceding Fig. 14 and to 
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Figure 26. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 8, K = 1. 
Refer to explanation preceding Fig. 14 and to 
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Figure 27. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 8, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 28. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 8, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 29. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 8, K = 4. 
Refer to explanation preceding Fig. 14 and to 
Figs. 2 and 13. 
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Figure 30. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 10, K = 1. 
Refer to explanation preceding Fig. 14 and to 
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Figure 31. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J' (1 direction) = 10, K = 2. 
Refer to explanation preceding Fig. 14 and to 
























Figure 32. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 10, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 33. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J* (1 direction) = 10, K = 4. 
Refer to explanation preceding Fig. 14 and to 
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Figure 34. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J* (1 direction) = 12, K = 1. 
Refer to explanation preceding Fig. 14 and to 



































Figure 35. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 12, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 36. Normal and shear stress results for two-layer 
model for solution, station (I') in 2 direction 
for J1 (1 direction) = 12, K = 3. 
Refer to explanation preceding Fig. 14 and to 









5 -€ Y/A^... 





2 4 6 
! 1-
8 10 
. 1 \ 1 t 
12 14 1-6—IS 20 
\ 
22 24 26^. 




\ _ - - - • ^ 












Figure 37. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J* (1 direction) = 12, K = 4. 
Refer to explanation preceding Fig. 14 and to 












Figure 38. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 14, K = 1. 
Refer to explanation preceding Fig. 14 and to 

























Figure 39. Normal and shear stress results for two-layer 
model for solution station (IT) in 2 direction 
for J' (1 direction) = 14, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 40. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 14, K = 3. 
Refer to explanation preceding Fig. 14 and to 



















Figure 41. Normal and shear stress results for two-layer 
model for solution, station (I1) in 2 direction 
for J' (1 direction) = 14, K = 4. 
Refer to explanation preceding Fig. 14 and to 












Figure 42. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J1 (1 direction) = 16, K = 1. 
Refer to explanation preceding Fig. 14 and to 



















Figure 43. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 16, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 44. Normal and shear stress results for two-layer 
model for solution station (I.') in 2 direction 
for J» (1 direction) = 16, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 45. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 16, K = 4. 
Refer to explanation preceding Fig. 14 and to 
Figs. 2 and 13. 
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Figure 46. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 18, K = 1. 
Refer to explanation preceding Fig. 14 and to 

























Figure 47. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 18, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 48. Normal and shear stress results for two-layer 
model for solution station (I 1) in 2 direction 
for J1 (1 direction) = 18, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 49. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J' (1 direction) = 18, K = 4. 
Refer to explanation preceding Fig. 14 and to 
















Figure 50. Norxal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction) = 20, K = 1. 
Refer to explanation preceding Fig. 14 and to 




























Figure 51. Normal and shear stress results for two-layer 
model for solution station (I') in 2 direction 
for J' (1 direction) = 20, K = 2. 
Refer to explanation preceding Fig. 14 and to 
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Figure 52. Normal and shear stress results for two-layer 
model for solution station (I1) in 2 direction 
for J' (1 direction = 20, K = 3. 
Refer to explanation preceding Fig. 14 and to 
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Figure 53. Normal and shear stress results for two-layer 
model for solution station (IT) in 2 direction 
for J' (1 direction) = 20, K = 4. 
Refer to explanation preceding Fig. '14 and to 
Figs. 2 and 13. 
Figure 54. Fringe Traces for z = -0.30, Plane 1, 
four-layer model. Light beam enters 
at top. Traces are 3.63 in. long. 
Observation directions are 45° apart 
(cw, viewed from bottom and left to 
right) 
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Graphs of Stresses in Four-Layer Model 
The following graphs (Figures 55-69) give values of the inter-
laminar shear stress T where j again has been normalized (divided by 
yz yz 
the average axial stress). The three curves are for stresses along the 
three line segments in the appropriate xy plane. The value of y for this 
xy plane and plane identifying position between fiber layers is given 
with each curve. 
Below the stress curves, the ellipses shown are approximate scale 
representations of the fiber intersections at their appropriate locations 
in the particular xy plane. The three lines between the rows of ellipses 
indicate the location of the planes of examination 1,2,3, proceeding 
from plane 1 (lowest) to plane 3 with spacings 0.05 in. Plane 2 is 
midway between the fiber layers (Figure 4). 
The distance x is in inches proceeding from the free boundary at 
x = 0. The model was 3.63 inches wide. 
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LP J 
55. interiaminar shear stress T v z for four-Layer model for planes 
and z location given. Plane locations anrl fiber intersections 
for z locations are given also. 
Fig. 55 and to Fig. 5. 
Re: v^'S-' p! s n rr i o r. p r ec edlng 
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56. I n t e r l a m i n a r shear s t r e s s TyZ for f ou r - i av^ r iftc:.dl for p lanes 
and z l o c a t i o n g iven . Plane l o c a t i o n s anc f i b e r i n t e r s e c t i o n s 
for z l o c a t i o n s a re ^ iven a l s o . Refer to exp lana t ion preceding 
Fig. 55 and to F i g . 5 . 
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57. Iniarlaminar shear stress T V Z for four-layer ;r.odel for -planes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 















o. Irvterlaininar shear stress TyZ for four-layer model for planes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 
Fig. 55 and to Fig. 5. 
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:ar s t r e s s 59. I n t e r l a m i n a r i 
and z I c c a t i o : 
for z l o c a t i o n s a re given a l s o . 
F i g . 55 and to F i g . 5. 
for f o u r - l a y e r model for o lanes 
; iven. Plane l o c a t i o n s and f ibe: 
Ref, 
intersections 






- 0 . Z 5 
0 .50 





-0-Z5C PLRNE Z 
Interlaminar shear stress TV2 for four-layer model for planes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 
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-G-3GG FLRNE 1 
and z l o c a t i o n g iven . Plane l o c a t i o n s and f i b e r i n t e r s e c t i o n s 
for z l o c a t i o n s a re given a l s o . Refer t o exp lana t ion preceding 
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>2. I n t e r l a m i n a r shear s t r e s s T̂  
Plane 1 
yz tor •-layer model for r>i;-.nes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 
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63. I n t e r l a m i n a r shear s t r e s s T V Z for f o u r - l a y e r model for p lanes 
and z l o c a t i o n g iven . PI •?" ,-:• locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 
Fig. 55 and to Fig. 5. 
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>4. I n t e r l a m i n a r shear s t r e s s Tyg for f o u r - l a y e r model for p lanes 
and z l o c a t i o n g iven . Plane l o c a t i o n s and f i b e r i n t e r s e c t i o n s 
for z l o c a t i o n s a re given a l s o . Refer to exp lana t ion preceding 
F ig . 55 and to F i g . 5. 
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65. Interlaminar shear stress Tyz for foor-layer model for planes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 
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66. Interlaminar shear stres. "yZ for four-layer model for plane; 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 
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67. Interlaminar shear stress Tvz for four-layer model for planes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 




0-65G PLnMt 2 
0 -5G 1 .00 
Plane 3 
Plane 1 
68. I L: liar laminar shear stress TyZ for four-layer model for planes 
and z location given. Plane locations and fiber intersections 
for z locations are jiven also. Refer to explanation preceding 
Fig. 55 and to Fie. 5. 
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Interlaminar shear stress T V Z for four-layer model for planes 
and z location given. Plane locations and fiber intersections 
for z locations are given also. Refer to explanation preceding 




An over-determined system of equations may be represented in 
matrix notation as: 
[a]{u}-jb} (1A) 
where [a] is J?xm (/> m) coefficient matrix, u is an mxl column matrix 
consisting of the m unknowns and |b| is an |xl column matrix containing 
the right-hand sides of the I equations. A solution to (1A) employing 
the least squares method is that solution j u \ which minimizes the sum of 
the squares of all the residues. The residues are defined by: 
m 
r. = £ a.. u. - b. 
i j = l iJ J i (2A) 
Thus, |u| is sought such that 
I I m 
R = 1 (r.)2 = I f I a. . u. - b.̂ ) 
i = i L i - i S = i l j J J 
(3A) 
is a minimum. By setting 
bR 
bu 
= 0 j = 1, m (4A) 
the u. may be found which minimize R and are, therefore, the "best" solu-
tion in a least squares sense. Equations (4A) yield a system of m 
equations in m unknowns. If this new system of equations (4A) has a non-
Ill 
singular coefficient matrix, a unique solution may be obtained. 
Weighting, to express confidence levels in various equations, may 
be accomplished by modifying (3A) to include a weighting factor (w. ). 
The expression for R then becomes: 
I m 
R = 2 w. £ (a. . u. - b.)2 (5A) 
i = 1 L j = 1 1J J V 
"The factor w. has the effect of decreasing or increasing the relative 
importance of a particular equation. That part of the total residue, R, 
due to a given equation may be made arbitrarily small or large by 
adjusting the value of w.. A small value of w. (a fraction for example) 
indicates a relatively low confidence level in the i — equation. Con-
fidence levels depend on such factors as experimental accuracy and the 
validity of the assumptions made in formulating the equations. The 
effect that the i — equation would have on R, and consequently, the values 
of u., depends on the choice of w.." 
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APPENDIX B 
SMOOTHED CUBIC SPLINES 
Reinsch (70) showed that a cubic spline is the solution to the 
problem of finding a function f (x) which minimizes 
X.k 
/ [f"(x)]2dx (IB) 
x. 
1 
subject to the constraint condition 
k k 
1 [f(x.) - y^2 < s x (Sy)2 (2B) 
i = 1 i = 1 
f(x) is the function sought, y. are the known values of a function depen-
dent on x. (where X > X.). S represents a smoothing parameter andSy. 
is an estimate of the standard deviation expected in y.. Therefore, the 
right-hand side of (2B) represents the amount of accumulated variation 
allowed between f(x.) and y.. 
l I 
A cubic spline satisfies conditions (IB) and (2B). In each interval 
(X., X. n) the function f(x) is defined by: \ L' i+l
7 x J 
2 3 
f(x) = a. + b. (x - x.) + c. (x - x.) + d. (x - x.) (3B) 
The coefficients a, b, c and d are calculated according to the procedure 




The portion of the applied load supported by the interlaminar 
matrix was calculated by finding an average value of a, and applying 
this over the matrix area. The average value of a. is: 
o, = 3.45 (1C) 
1 avg 
where S = P/A, P is the applied load and A is the cross-sectional area 
2 
of the model (8 in ). Thus the load supported by the interlaminar matrix 
is given by: 
Pm = a, Am (2C) 
1 avg 
where Am is the area of the interlaminar matrix subjected to a. . A m 
1 avg 
is defined by the two lines K = 1 and 4 and the model edges. Thus 
Am = (.3 in) (4 in) = 1.2 in2 (3C) 
Substitution of (1C) and (3C) into (2C) yields 
Pm = (3.4) (-^-7) (1.2 in2) (4C) 
or 
Pm = .51 P 
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